Abstract. Let X = G=K be an odd-dimensional semisimple Riemannian symmetric space of the noncompact type, and suppose that all Cartan subgroups of G are conjugate. Let u be a real-valued classical solution of the modi ed wave equation u tt = ( + k)u on R X, the Cauchy data of which are supported in a closed metric ball of radius a at time t = 0. Here t is the coordinate on R, is the (nonpositive de nite) Laplace-Beltrami operator on X, and k is a positive constant depending on the root structure of the Lie algebra of G. We show that the (t-independent) energy functional of u is eventually (for jtj a) partitioned into equal potential and kinetic parts; speci cally, half the integrals over X of u 2 t and jduj 2 ? ku 2 respectively, where d is the exterior derivative in X.
Introduction and statement of the theorem. The central theorems of Fourier
analysis have long been important in the study of wave propagation in Euclidean space. There are, for example, strong connections among the Riemann-Lebesgue and PaleyWiener theorems on the Fourier analytic side, and Huygens' principle and eventual equipartition of energy on the wave propagative side LP1, Du, CS] . By now a rich Fourier analysis also exists in many curved homogeneous settings Ha, W, EO, E] , and some connections to wave propagation in curved space have already been explored He6, 1, B4] . (Of course, these lists of references are not complete.) But most of the territory in the domain of wave propagation in homogeneous space is still uncharted. In this paper, we would like to begin a series of investigations by focusing on energy equipartition in symmetric space.
Working in the at case, Du n Du] established a rather direct connection between the classical Paley-Wiener theorem and energy equipartition for the wave equation in odd-dimensional space (even-dimensional spacetime); his method was later exploited in studies of the Maxwell and Dirac equations, and of conserved quantities other than the energy Da, . Paley-Wiener theorems in general describe the Fourier transforms of compactly supported functions; a comprehensive Paley-Wiener theory for symmetric spaces of the noncompact type was developed by Helgason , based on foundational work of Harish-Chandra Ha]. Here we adapt Du n's method to noncompact, odd-dimensional symmetric space, under an algebraic assumption which seems to be necessary in getting e ective use out of both odd dimensionality and the Paley-Wiener theorem. Our class includes the odd-dimensional noncompact complex symmetric spaces, in which Helgason TPB gratefully acknowledges the support of a University of Iowa Faculty Scholar award, of Odense Universitet, and of Sonderforschungsbereich 170 \Geometrie und Analysis" in G ottingen . He6] proved Huygens' principle for a modi ed wave equation. Our wave equation is also modi ed (the d'Alembertian is shifted by a constant), and agrees with Helgason's in the complex case. In fact, in Section 3 below, we show that under quite general conditions, Huygens' principle implies a \local" energy equipartition principle. The advantages of the approach to equipartition taken in this paper, via Paley-Wiener theory, aside from intrinsic interest, are the \global" nature of the equipartition principle produced, and an enlargement of the class of symmetric spaces involved.
In the remainder of this section, we make our de nitions and assumptions precise, and state the main theorem. Section 2 is devoted to the proof, and Section 3 to remarks, further results, and prospects for future work.
Throughout this paper, let G be a noncompact, connected, semisimple Lie group with nite center and Lie algebra g. Let be a Cartan involution on g, with g = k + p the corresponding Cartan decomposition, and let K be the maximal compact subgroup of G corresponding to the Lie algebra k. X = G=K is then a Riemannian symmetric space of the noncompact type. We assume further that X is odd-dimensional, and that all Cartan subgroups of G are conjugate. Choose a maximal abelian subalgebra a of p, x a positive Weyl chamber a + in a, let G = KAN; g = k + a + n be the corresponding Iwasawa decomposition, and de ne the Iwasawa projections , H, and by
Let a be the vector space dual of a, and let be half the sum of the positive (g; a) roots: t ? ( + k); k 2 R; on R X 3 (t; x). The null space of k within C 1 (R X; R) will be denoted N( k ). We shall sometimes use the subscript t to denote an application of @ t . B R (x 0 ) will denote the closed metric ball of radius R 0 around x 0 2 X. By (a), the compact support condition is t-independent, so the statement of (b) makes sense, and we may interchange t-di erentiation and integration over X. (b) then follows from the Divergence Theorem. The proof of Lemma 1.1 only used the fact that X is a Riemannian manifold. However, our Lie-theoretic assumptions are crucial in the proof of the main theorem, which we now state. Note that the Killing form of g puts a positive de nite inner product on a, and thus on a , so it is legitimate to speak of j j 2 . By E (with no subscript) we shall mean E j j 2 . Since we shall need to integrate over several spaces built from G, it will be convenient to x normalizations for some natural smooth measures. We use the normalizations of He5, Sec. IV.7.1] . Let`= dima. The Killing form on g induces Euclidean measures on A, a, and a ; if we multiply these by (2 ) ?`=2 , we get invariant measures da, dH, and d so that the Euclidean Fourier inversion formula holds without multiplicative dimension constants:
for f 2 C 0 (A; C ). (C and C 0 will always denote respectively the continuous and compactly supported continuous functions.) The Haar measures on the compact groups K and M are normalized so that the total measure is 1, and the Haar measures on the unipotent groups N and N are normalized so that (dn) = d n, R N e ?2 (H( n)) d n = 1. The Haar measure on G is then normalized to dg = e 2 (log a) dk da dn. This, in turn, determines a normalization for the Riemannian measure dx on X via
(See He5, Theorem I.1.9].) In exactly the same way, we get a probability measure db on B:
Note that all assertions in Sec. 1 are independent of the choice of a normalization for dx, though they are sensitive to scaling of ds 2 Now let q = =p be the angular spherical coordinate on a , and consider the entire extension of ( ; b) = (p; q; b) guaranteed by the \easy direction" in Helgason's PaleyWiener Theorem; that is, by the integral formula the sign of ipq gets reversed, but the p is not conjugated. All the same considerations apply as well to . By Lemma 1.1, the 1=c function restricts to a polynomial function ( ) on a , and for xed q, this in turn de nes a polynomial function (p; q) of p. Thus (jc( )j ?2 )j a has the holomorphic polynomial extension (p; q) (p; ?q) to p 2 C .
Switching to spherical coordinates in a and de ning a measure dq on the unit sphere S 1 (a ) by d = p`? 1 dq dp (recall that`= dima), the integral terms in (2. Because these spaces are n-dimensional and locally conformally at, Huygens' principle is exhibited by the equation (3.2) when n is even 1]; and if some care is taken in the de nition of the energy, the equipartition question makes sense. In addition, since the wave equation has a larger, more complicated symmetry group in this case, there will be a large supply of conserved quantities (invariantly represented by canonically constructed, divergence-free tensors). Based on experience in at Minkowski space B1-3] , one might expect that some of these conserved quantities are eventually partitioned into polynomial functions of the time. We hope to return to these questions in future work. In another direction, in the setting of Sections 1 and 2 or those of the above remarks, one would also like to treat the Maxwell and Dirac equations. Here Du n's method and its extension to \higher-order" conserved quantities in Minkowski space were treated in Da, .
Finally, it would be good to have a uni ed framework, like that of in the at and SL(2; R) cases, for the the study of wave propagation and its relation to Fourier analysis in general classes of curved homogeneous spaces.
